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ABSTRACT

KEYWORDS

Fullerenic structures equipped with Stone-Wales transformations have been successfully utilized in the
study of macromolecular assemblies. Here we show that this approach could be useful in the assessment
of issues from a far-ﬂung research area, i.e., neuroscience. Indeed, the basic morphological and functional
unit of the brain, called the human microcolumn, is a tubular structure that can be ﬂattened in the guise
of a fullerene-like two-dimensional lattice. We describe this procedure in order to build a fullerene-like
microcolumn, in which neuronal ﬁring and electric signal propagation are assessed in terms of topological
neural network modiﬁcations, instead of the canonical logic circuits. Every node stands for a neuron,
where neural computations take place. This means that nervous activity, other than logic circuits, could
instead depend on topological transforSmations and symmetry constraints dictated by Stone-Wales
transformations occurring in the upper cortical layers. A two-dimensional fullerene-like lattice not only
simulates the real microcolumn’s microcircuitry, but also makes it possible us to build artiﬁcial networks
equipped with robustness, plasticity and fastness. In this note, electric signal propagation is investigated
in terms of pure topological modiﬁcations of the neural honeycomb network.

Brain topology; Fullerene-like
lattice; Stone-Wales
transformations; Topological
efﬁciency, Simplicial complex
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Although fullerenes’ primary application focuses on the assessment of carbon-networks in nanostructures, they also provide
a mathematical framework that can be used in order to rank
topological invariants in the portrayal of microcolumns, i.e.,
the stereotyped, column-like architecture representing the basic
embryological/anatomical arrangement of the brain (1,2).
Because architectonic relations among minicolumnar pyramidal cells are conserved under spatiotemporal changes (3), it is
feasible to assess the tubular structure of the brain in terms of a
3D cylinder with the typical regular polygonal tiling of the fullerene. If we ﬂatten the microcolumnar cylindrical structure to
obtain of two-dimensional sheets, we achieve a lattice where
generalized Stone-Wales transformations (or SW rotations)
might occur (4,5). Therefore, it is possible to achieve a fullerene-like brain microstructure in which activity is dictated by
transformations involving fullerene-like polygons. In a fullerene-like microcolumn, neuronal ﬁring is assessed in terms of
untainted topological neural network transformations. This
structure can be compared to a barcode, or a biological matrix,
in which every sequence of neuronal activation stands for a
mental activity. We may also think of the bronze cup-shaped
bells of a carillon, in which every sequence of diverse punchers
gives rise to different melodies. In sum, we achieve a fullerenelike brain whose activity is dictated by topological transformations involving hexagons, pentagons, and other polygons. Such
an approach not only allows us to build a model that faithfully

simulates the biological brain activity, but also to assess neural
computations in terms of topological relationships and transformations among spiking neurons, instead of series or parallel
logic circuits. We also discuss the advantages of such an
approach in terms of network fastness, robustness and
plasticity.
Neuronal ﬁring and electric signal propagation can be investigated in terms of SW topological modiﬁcations of the neural
network. This assumption leads to a characterization of neurons as graph vertices and connections among neurons as
bonds. Because such transformations are fully reversible, they
provide a biological topological mechanism for neural signal
annihilation or suppression. Concerning the mathematical
apparatus related to symmetries and transformations on nanostructures, see the recent research article (6). Microcolumnar
circuitry can be described in terms of fullerene-like 2D lattices
with correlations between cell topology and computational
models to describe circuitry functionalities (7). We are in fact
allowed to build a biologically-plausible, fullerene-like lattice
describing a microcolumn, equipped with hexagonal or pentagonal tiling. There are clues from the neuroscientiﬁc literature
that suggests the feasibility of our hypothesis. Minicolumns are
characterized by modular connectivity with invariant properties that resemble fullerene structures. Indeed, minicolumns
display a translational symmetry across their central axis and
rotational symmetry, i.e., displacement in different planes of
each section. Furthermore, microcolumns are equipped with
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symmetry involving morphometric relations during cortical
maturation (29). Because architectonic relations among minicolumnar elements (pyramidal cells) are conserved under spatial and temporal variations (30), it is possible to assess the
tubular structure of a microcolumn in terms of a 3D cylinder
with the typical regular structure of the fullerene, e.g., a mesh
of variously fused exagons and pentagons. Furthermore, it has
been demonstrated that the microcortical assembly of pyramidal neurons exhibits the required fullerene-like stereotyped
architecture. Indeed, neurons arranged in a parallel microcolumns’ hexagonal lattice have been already described in literature (31). The hexagonal lattice is a reasonable assumption for
microcolumns arrangement, based on studies of dendritic bundles and myelinated axons packing. Hexagonal spacing has
been detected among bundles in the visual cortex’ area 17 of
rats (33), monkeys (34), and human medial prefrontal cortex
(32)
In this graphical representation of the brain, nodes stand for
microcortical pyramidal neurons linked by edges, e.g., neural
dendritic connections. In cortical microcolumns, instead of SW
ﬂips on a fullerene surface, we need to evaluate the changes in
ﬁring activation of the neurons embedded in the nodes. In this
case, SW permutations stand for a set of simple pyramidal neurons which ﬁre simultaneously (Fig. 1). Therefore, it is possible
to achieve a 2D fullerene-like lattice reproducing microcolumn’s microcircuitry. We assume that the simultaneous ﬁring
of different neurons and speciﬁc activation sequences might
give rise to different topological isomeric conformations, each

one corresponding to a mental activity (perception, emotion,
mind-wandering, calculation, and so on). The main difference
from classical neural networks is that the brain functional activity is not based on logic nodes as it occurs in conventional networks, but on topological transformations, e.g., functional
changes in the connectivity of ﬁring neurons on a barcodelike
structure. This model explains countless mental operations
starting just from a relatively simple, stereotyped, highly preserved biological structure, such as the microcolumn. The
extremely large number of SW rotations that may take place on
the neural lattice permit an almost limitless set of moves,
merely dictated by applying SW rotations on its bonds. In the
same way as the tuning of the nanoparticle/substrate interaction provides unique ways of controlling the nanotube synthesis (8), fullerene-like, microcolumnar neural networks provide
the ﬁne-grain functional barcode’s modularity required by different brain functions. This means that modiﬁcations in reciprocal connectivity among adjacent microcolumns allow a larger
repertoire of barcode conﬁgurations and, therefore, of mental
operations. In mental terms, a fullerene-like microcolumnar
structure is associated with minimal wiring costs and fast synchronization/information transfer (9).
Topological and graph theoretical properties of fullerenes
can be applied to the assessment of neural networks, in order
to achieve a double task: improving our understanding of biological brain function in situ, and building more powerful artiﬁcial machines able to simulate cortical activities. This
theoretical framework, cast in a biologically informed fashion
(10–12), has the potential to be operationalized and assessed
empirically. Indeed, the presence of a microcolumnar barcode

Figure 1. A fullerene-like cortical microcolumn. (A) The anatomical/functional basic structure of the brain, i.e., the tiny cortical microcolumn, is shaped in guise of a threedimensional tubular armchair. If we cut the column through an edge, we achieve a ﬂattened two-dimensional fullerene-like grid with exagonal tiling (B). In the hypothetical case of (B), provided just as an example, the molecular graph stands for a 2D zig-zag lattice, e.g., a ﬂat, open visualization, made of 72 nodes with 6-bonds each. Panel
(C) displays a set of possible topological transformations that might take place on this ﬂattened microcolumn. Every node is ﬁlled with a pyramidal neuron which can be
activated (yellow shapes) or deactivated (black shapes). Every set of activated/deactivated neurons gives rise to a different microcolumnar code, each one standing for a
single mental activity among the countless possible.
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predicted by a fullerene-like brain will be easily testable, once
135 more powerful high density neurotechniques will be available,
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capable of capturing the simultaneous activity of large populations of microcolumnar pyramidal neurons. Graph theory tools
have been proven to work quite effectively in simulating neuronal networks and relevant studies have been recently devoted
to overcome what is considered to be a “critical simplifying
assumption”, i.e., that the basic unit in brain structure consists
in just two nodes (a dyad of neurons or brain regions) connected by a graph edge. Generalized forms of graphs (simplicial
complexes) based on algebraic topology recently appeared in literature (13) to model neural data and neural functions without
the dyadic limit, aiming in such a way to “eclipse graph theory”
in the near future of neural sciences. These sophisticated
(somehow arbitrarily applicable) mathematical methods may
be, in the opinion of the present authors, better applied by computing opportune non-local topological invariants (or topological potentials) that show the clear merits of carrying-on the
inﬂuence of the structure of the whole neural network, keeping,
at the same time, uniquely deﬁned computational rules. The
present topological picture enlarges the horizon of recently
reported methods that have been applied to simulate mechanical properties of zigzag honeycombs (see, e.g., (14)). In sum,
original relationships between neural signals and topological
defects are proposed in the following sections together with a
speciﬁc theoretical framework that is able to describe the nanomechanics of 3-connected neural networks regardless of their
structural regularities.

2. Topological method
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In this section, we describe the procedure in order to build a
fullerene-like microcolumn, in which neuronal ﬁring and electric signal propagation are assessed in terms of pure topological
neural network modiﬁcations, instead of the canonical ON/
OFF logic circuits. At ﬁrst, we illustrate how to shape a fullerene-like lattice through graph theoretical methods. Then, we
evaluate the (fully reversible) topological moves taking place on
such a lattice. Finally, we assess the neural biological counterparts of fullerenic structures, assessing microcolumns and neural spikings in terms of movements on proper 2D graphs.
Furthermore, we provide, in the last section a couple of simulations in order to test the feasibility of our fullerene-like microcolumnar framework.
Fullerene networks come into play. Fullerenes are 3-connected cubic planar graphs consisting of pentagons and hexagons; see the excellent recent update (15). Geometrically, a Cn
fullerene is a closed trivalent polyhedral network in which n
atoms are arranged in 12 pentagonal and 12 n ¡ 10 hexagonal
rings (16–18). A regular 2D fullerene results therefore in a 3regular (cubic) planar graph Gn generally describable as a mesh
of exactly 12 variously fused pentagons, surrounded by distorted graphenic fragments. Signal propagation can be investigated via graph theoretical methods in this kind of cubic
meshes. The basic assumption is that the evolution of microcircuits is ruled by the minimization of speciﬁc topological invariants (or topological potential) J. Among the countless possible
choices (19), we focus here on distance-based topological
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invariants capable of describing long-range effects involving all 190
pairs of graph nodes.
The honeycomb microcircuit is described as a graph Gn with
n nodes in which the dij integers stands for the number of graph
edges connecting the two nodes i and j along the shortest path.
In case of the distance dij D k, node j belongs to the k-th coordi- 195
nation shell of node i, and vice versa. By deﬁnition, dij D dji and
dii D 0 for all nodes i,j. If we term M D max{dji} the length of
the longest chemical distance in the graph—the integer M
stands then for the graph diameter— and bik the number of kneighbors of i, the effects of the long-range connectivity on a 200
single node is summarized by the topological invariant wi in
(1).
wi D

1=
2

X
k

kbik

k D 1; 2; . . . ; ; M ¡ 1; M;

(1)

where n D SkbikC1 and bi1 D 6 for any 6-fold node i. The symbols w and w indicate the smallest and the largest wi values. 205
Nodes with wi D w (or wi D w) are the minimal nodes (or, conversely, the maximal nodes) in Gn . Integers {bik} identify the
Wiener-weights (WW) of node i. The Wiener index W, i.e., the
ﬁrst topological index applied in chemistry more than 60 years
ago (19), derives from the half-summation of all dij entries 210
given in (2).
W ðnÞ D

1=
2

X

d
ij ij

D

X
i

wi

i; j D 1; 2; . . . ; n ¡ 1; n: (2)

The ﬁrst topological modeling rule is the following: higher
reactivity is assigned to a node with maximal wi. Invariant W, 215
providing the topological measure of the overall compactness
of the system, is a good candidate for the topological potential
JW D W(Gn ). This approach is grounded on relevant heuristic
evidences, such as the fact that, among the 1812 nonisomorphic
C60 fullerene isomers, just the physically stable isomer with ico- 220
sahedral symmetry C60-Ih and isolated pentagons corresponds
to the cage with the minimum value W D 8340 and it works
well in marking stable isomers of C28, C66 fullerenes (20, 21).
The descriptor in (3)
r D W6 nw_

(3)

measures instead the overall ability of the graph to evolve as a 226
compact topological structure around its minimal nodes, which
represent the most efﬁcient nodes in Gn . For this reason r is
called a topological efﬁciency index (20) and has been successfully tested to rank the topological sphericity of C50 fullerene 230
graphs (22). From formula (3), an important inequality is
derived, namely, the result in (4)
r1

(4)

Many important chemical structures have r D 1. Inﬁnite 235
cubic lattices or inﬁnite graphene layers, together with icosahedral C60 molecules, are examples of perfectly spherical (topologically speaking) structures. And we formulate the second
topological modeling rule: the higher stability is assigned to
structures with maximal sphericity, e.g., minimal r. The two 240
above mentioned modeling rules hold when similar topological
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structures are compared. Lattice descriptor r represents in this
approach the second form of topological potential Jr D r (Gn );
both potentials JW and Jr measure the collective effects
245 exerted by Gn nodes on the nanomechanics of honeycomb
mesh, including signal propagations effects.

3. Results and discussions
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Preliminary simulations show how, starting from a fullerenic
structure, it is possible to reversibly generate many alternative
isomers (usually with a lower structural symmetry) by
twisting two hexagons around a central bond (Fig. 2). The
mechanism of signal generation is based on the preliminary activation of a pair of neurons both in the normal 6fold status, followed by the creation of the signal, e.g., a
topological defect of the pristine hexagonal mesh, that is
represented by the 5j7 double pair (Fig. 2: step 0 and step
1, respectively). The 5j7 double pair (sometimes termed 5/
7/7/5) is called the SW defect or dislocation dipole. Signal
generation is achieved through the SW6j6 rotation. The latter modiﬁes the local connections of four neurons by rotating the bond between the two activated elements. After
that change of local connections, nodes with 5- and 7bonds appear in the network, making the topological structure of the system “naturally” ready for signal propagation
that is easily obtained by applying a SW6j7 rotation to the
connection between the newly created 7-fold neuron and
the activated one (Fig. 2, step 2), preserving the original 6connectivity. As a result of the SW6j7 action, the distance

between the two 5j7 defects is increased by the insertion of
one pair of hexagons, so that the signal has travelled for
one step h D 1 in the honeycomb mesh. The two neurons
that are brought back to the initial 6-fold condition (Fig.
e 2, step 3) stand for the inactive status and their role will
be brieﬂy commented at the end of this section. Successive
applications of SW6j7 operators will split more and more of
the two 5j7 pairs, allowing the signal to travel in the neural
network with the typical wave mechanism of the SWw
topological defect (23). Figure 2, step 4 shows the dislocation dipole with length h D 2; subsequent SW6j7 rotations
will further expand the dislocation dipole, allowing the
topological signal to cover arbitrary distances h. According
to the proposed approach, the large family of SW rearrangements introduced above, such as SW6j6, SW6j7 and so
on, provide us with the basic tools in order to build a
topological model able to describe the signal propagations
in the neuron mesh. In summary, the topological mechanism describing the propagations of neural signals is based
on the following graphical steps:
 The signal is considered to be a topological defect of the
neural network. The “topological” beneﬁts are straightforward: the signal does not change the number of neurons,
being easily annihilated by the reverse topological transformation able to restore the original status of the neural
network. In principle, this fact also allows long duration
of the network itself.
 The speciﬁc type of topological alteration proposed here
as proper candidate for representing neural signal is the

Figure 2. Simulation of a few possible transformations taking place on a ﬂat exagonal lattice equipped with 72 nodes, 6-bonds each. The lattice stands for the cortical
microcolumn containing 72 pyramidal neurons described in Figure 3C. Starting from the totally inactive state of 6-fold nodes on 6£12 lattice, some nodes gets activated
(STEP 0). We may select whatever pair in the mesh. To make an example, after a visual input from the external environment, a few microcolumnar pyramidal neurons start
to ﬁre. STEP1 displays two 5j7 pairs, activated by just rotating the orange bond of STEP 0. Signal propagation gives rise to a sequential activation of novel front nodes
(STEP 2), so that the activation wave propagates steps further (STEPS 3 and 4). Note that the purple balls, which identify hexagonal nodes deactivated after the passage
of the wave, are ready for a possible reversible annihilation of the topological signal.
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SW defect formed by two 5j7 pairs, whose creation
involves 4 connected neurons under the action of the
SW6j6 operator.
 Multiple applications, for h-times, of the SW6j7 operator
produce the SWw defect with the expansion of the SW
dislocation dipole and the linear propagation of the signal, in order to cover the distance h. The size h of the
SW dislocation dipole (e.g., the signal) also corresponds
to the number of pairs of inactive neurons included
between the two 5j7 pairs. This topological modiﬁcation
of the network is also indicated as 5/7{6/6}h7/5. SW
defect has then h D 0.
 If needed, the h pairs of inactive neurons allow the complete
topological annihilation of the SW dislocation dipole, by just
applying h-times the reverse rSW6j7 ﬂip. The rSW6j6 rotation
will then restore the pristine hexagonal lattice.
The proposed correspondence between the neural signal and
the linear SWw defect is just the simplest choice in the large
family of topological modiﬁcations of the neuron lattice that
may be built via SW rotations. The possible combinations of
permutations (and therefore of simultaneously activated neurons in a fullerene-like microcolumn) are countless: in a lattice
of 80 nodes and 2 activities (ON/OFF), we achieve the noteworthy number of 280 possible permutations. Many operations, not
shown in Figures, can be performed: edge sharing, interchanging the positions of two hexagons, rotation of a single edge, and
so on. Because the switches are fully reversible, the edges can be
rearranged in countless ways.
We do not know, due to our current lack of knowledge,
whether the microcortical assembly of pyramidal neurons
truly exhibits the required fullerene-like stereotyped conformation. The Borsuk-Ulam theorem (BUT) from algebraic topology, ideally suited for many applications (24),
gives us a clue to solve this problem. The original formulation of BUT describes antipodal points on an n-sphere
with matching descriptions on spatial manifolds in every
dimension, provided the n-sphere containing the antipodes
is a convex structure with positive curvature (i.e., a ball).
However, BUT can be generalized to symmetries occurring
either on ﬂat manifolds, or on Riemannian hyperbolic
manifolds of constant sectional curvature ¡1 and concave
shape (i.e., a saddle) (12, 25). In other words, whether the
system components are equipped with concave, convex or
ﬂat conformation, it does not matter: we can always ﬁnd
points with matching descriptions predicted by BUT (26).
The modiﬁcations of the long-range structure of honeycomb
network topology depicted in Fig. 2, may be modeled by computing both topological potentials Wiener index W(n) and
topological efﬁciency index r(n) introduced in the previous
section (eqs. 3 and 4). The topological propagation of the signal
has been simulated on the dual neural lattice Gn consisting of n
D 72 nodes, all 6-connected, with B D 216 total edges due to
periodic boundary conditions. That pristine graph Gn is then
characterized by the starting values Wn D 9864; rn D 1 of the
two lattice descriptors (Fig. 3). Computation shows the 0.73%
gain of the Wiener index when it passes to Wn0 D 9792 after the
creation of the SW defect with h D 0. The subsequent SW6/7
initiates, by shifting one of the 5j7 pair in the lattice, the propagation of the signal further decreasing the topological potential
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Wn1 D 9771 and Wn2 D 9728 for h D 1 and h D 2, receptively.
This behavior conﬁrms that, at each propagation step, the
expanding SWw defect increases the overall compactness of the
neural network Ghn , augmenting in such a way the topological
stability of the honeycomb system itself. The global drop of the
topological potential JW, shown in Fig. 3(a), demonstrates a
linear trend favoring signal propagation. After the creation of
the SW defect h D 0, the invariants wi of the 72 neurons leave
the uniform value w D 137, assuming that different values
depend on the respective topological stability. The two heptagons become the two stables nodes with w _ D 130; vice versa,
the two pentagons are the less stable nodes of the neural mesh
with maximal value w0n D 138. As shown in Fig. 3b, the topological potential Jr provides more details about topological rearrangements of the honeycomb mesh during signal propagation.
The increased value of topological efﬁciency r0n D 1:0462 stands
for the barrier in the topological potential that competes against
the signal creation. After this point, the topological potential Jr
shows a regular decrease, favoring in such way the smooth
expansion of the SW dislocation dipole, e.g., the topological
defect carrying the signal in the graph.
In this note, we showed how SW transformations might
have a counterpart in the biological activity of brain microcircuitry. The results provided by the present study sustain the
proposed original coincidence between neural signal & topological defects. We make available a novel approach that allows us
to evaluate brain activity in terms of topological and graph theoretical properties of fullerenes. In touch with neural networks
derived from the principle of minimum frustration for protein
folding (27), the fullerene-like approach points towards a perception/decision apparatus constrained towards very low energetic levels, but just in long timescales, in order that predictions
signals are conveyed by the sole long-standing past experiences.
This is a very fertile ﬁeld of research: current efforts focus on
the unsolved mathematical problems concerning fullerenes,
e.g., how to generate all possible non-isomorphic graphs for a
ﬁxed vertex count, or to calculate the number of distinct Hamiltonian cycles. Researchers are developing 2D graphs and 3D
structures for many different fullerenes, ranging from N D 20
to 20,000 vertices, in order to evaluate various different graphtheoretical algorithms (28) and theorems and algorithms which
allow a fast computation of topological indices for complex
graphs, starting from their structural building elements (6).
Future investigations will be carried out to correlate the sequences of SW topological transformations to the isomeric generation and propagation of 5j7 pairs or similar topological
extended defects in the neural mesh.
Our framework also provides a link with human neurologic
and psychiatric diseases. Experimental data and molecular
dynamic simulations suggest that defects during the nucleation
and growth of graphene alter the physical/chemical properties of
carbon nanostructures (35), strongly deteriorating their functional state. An increase in energetic constraints, as it occurs, for
example, during ageing or central nervous system’s diseases,
makes it easy to generate defects in the microcolumnar fullerene-like lattice, with subsequent decrease in system’s free-energy
and functional integrity. Our theoretical framework, cast in a
biologically informed fashion, has the potential to be operationalized and assessed empirically. Indeed, the presence of a
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Figure 3. (a) Top. The topological potential Wnh is computed for the SWw
defect propagating in the hexagonal graph, in order to simulate the signal
transmission in a neuron mesh equipped with n D 72 elements. SW6/6 originates two 5j7 pairs at h D 0, then SW6/7 splits them, by swapping one of the
5j7 two pairs with a pair of hexagons (h D 1). Further SW6/7 rotation propagates the signal. Lattice conﬁgurations are depicted for h D 0 and h D 2; the
initial value Wn corresponds to the pristine hexagonal mesh. (b) Bottom.
Analogous variation of topological potential rhn for a SWw defect propagating
in the periodic neuron mesh with n D 72 elements. The cost of the SW6/6 rotation peaks at h D 0, whereas the SW6/7 ﬂips are followed by a gain favoring
the propagation of the signal. The perfect symmetry of the pristine hexagonal
mesh is testiﬁed by the value rn D 1.

microcolumnar barcode predicted by a fullerene-like brain will
be easily testable, once more powerful high density neurotechniques will be available, capable of capturing the simultaneous
activity of large populations of microcolumnar pyramidal neu420 rons (36). To make an example, if we were able to evaluate the
microcolumnar pyramidal neurons that ﬁre during every mental
activity (e.g., visual tasks, emotions, and so on) we would achieve
a fullerene-like structure ﬁlled with the corresponding activated
nodes, therefore attaining a series of different grids or matrices
425 (each one standing for a mental function).
Such powerful tools could be, in a near future, applied to the
assessment of neural networks, in order to achieve a double
task: improving our understanding of biological brain function
in situ, and building more powerful artiﬁcial machines able to
430 simulate cortical activities.
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